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We numerically study the relaxation dynamics of a single, heavy impurity atom interacting with
a finite one- or two-dimensional, ultracold Bose-gas. While there is a clear separation of time scales
between processes resulting from single- and two-phonon scattering in three spatial dimensions,
the thermalization in lower dimensions is dominated by two-phonon processes. This is due to
infrared divergencies in the corresponding scattering rates in the thermodynamic limit, which are a
manifestation of the Mermin-Wagner-Hohenberg theorem. It makes it necessary to include second-
order phonon scattering in one-dimensional systems even at T = 0 and above a crossover temperature
T2ph in two spatial dimensions. T2ph scales inversely with the system size and is much smaller than
currently experimentally accessible.
PACS numbers: ...
I. INTRODUCTION
Ultracold quantum gases have proven powerful model
systems of quantum many-body physics, paving the way
for quantum simulations of solid state phenomena or
emerging quantum technologies [1]. Coupling single or
individual impurities via s−wave-collisions to a Bose-
Einstein condensate (BEC) forms a paradigmatic system
of quantum physics. It lies at the heart of many propos-
als to study and engineer quantum phenomena, including
the study of polarons [2–5]; application of single atoms
for superfluid atomtronics [6, 7]; and probing of local
phase fluctuations [8–10], correlations [11, 12] or ther-
modynamic properties [13, 14]. Extending the model to
two impurities, the emergence of quantum correlations
via the superfluid was studied [15, 16].
In recent work, Ref. [17], we have shown that the cool-
ing dynamics of a single impurity in a three-dimensional
(3D) BEC, although the system is non-integrable, fea-
tures a long-lasting prethermalized stage facilitated by
markedly different scattering rates for one-phonon and
two-phonon scattering. Particularly, for a 3D, weakly in-
teracting Bose-Einstein condensate (BEC) (n0ξ
3  1),
the ratio of scattering rates for spontaneous one-phonon
and two-phonon scattering events Γsp1ph and Γ
sp
2ph, re-
spectively, scales as Γsp2ph/Γ
sp
1ph ∼ 1/n0ξ3. Here ξ =
1/
√
2mBgn0 is the healing length of the BEC , with mB
being the mass of the bosonic atoms, g the interaction
strength, and n0 the BEC density. In a superfluid, this
leads to a separation of time scales in the relaxation of
an initial non-equilibrium state, pointing toward deter-
ministic preparation of a prethermalized state in a non-
integrable system. Importantly, as shown in Ref. [17] this
behavior is robust for finite temperatures and decreasing
interactions, as both single and two-phonon terms are
affected.
It is well known that, for systems with dimension
d ≤ 2, the Mermin-Wagner-Hohenberg (MWH) theorem
[18, 19] facilitates the creation of long-wavelength exci-
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Figure 1. Comparison of time evolution (color / grayscale en-
coded) of impurity momentum distribution centered at 2×pc
landau critical momentum in 3D (a) and 2D (b) interact-
ing with a BEC at temperature kBT/(c/ξ) = 1, with c be-
ing the speed of sound. Here we assume a peak density of
n0ξ
d = 10, gIB = 1, and a mass ratio mI/mB = 87/39.
The dashed black (dotted red) vertical line indicates a crit-
ical momenta pc = mIc, (p
(1)
c = c
√
m2I −m2B) for impurity-
BEC interaction. While in 3D a separation of time scales
between single-phonon scattering and two-phonon scattering
events leads to a temporary, prethermalized state, this does
not hold in 2D.
tations at small cost. Thus impurity-superfluid interac-
tion can be easily altered or even dominated by thermal
excitations even at small temperatures, leading to quali-
tatively different dynamics for d = 1, 2 compared to the
3D case. We consider the influence of reduced dimen-
sionality onto the non-equilibrium dynamics of a single
impurity in a finite-temperature, low-dimensional BEC,
see Fig.1a and b. In direct comparison to the 3D case,
Fig. 1b, we find that the intermediate regime of prether-
malization can no longer be observed in lower dimensions
even for very low temperatures T 6= 0. We interpret this
as a result of the MWH theorem.
Studying in detail the individual contributions of
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2single- and two-phonon scattering processes to the
impurity-quantum gas interaction, we identify to lead-
ing order the scattering process realizing the MWH the-
orem as a two-phonon scattering process. Our findings
underline the necessity to include two-phonon processes
when studying impurity physics in low-dimensional Bose
gases at finite temperatures [20], particularly for Bose po-
larons [21] in 1D and 2D. Our investigation of impurity
dynamics cooled by a low-dimensional superfluid thereby
complements the currently emerging description of Bose-
polarons beyond the Fro¨hlich model and its ground state
properties in reduced dimensions [22].
II. MODEL AND SCATTERING RATES
We consider the interaction of a single impurity with a
trapped, weakly interacting BEC in one and two dimen-
sions at a finite, but very low temperature T . Although
as dictated by the Mermin-Wagner-Hohenberg theorem
[18, 19] there is no Bose condensation in a homogeneous
system, condensation can occur in a harmonic trap. For
an isotropic harmonic potential V (r) = mBω
2r2/2 with
trap frequency ω the corresponding critical temperatures
for an ideal Bose gas are [23, 24]
kB Tc
∣∣∣
2D
= ω
(
N
ζ(2)
) 1
2
, kB Tc
∣∣∣
1D
= ω
N
ln(2N)
. (1)
Here N is the number of trapped particles and ζ is the
Riemann Zeta function, and we have set ~ = 1.
If the condensate atoms are weakly interacting with
strength g, the Bose field can be expressed in terms
of a macroscopically occupied ground-state wavefunc-
tion φ(x) and (small) quantum fluctuations, ψˆ(x) =√
Nφ(x) + δψˆ(x). For a given chemical potential µ,
the ground-state wavefunction fulfills the Gross-Pitaevski
equation
HMFφ(~x) =
(
− ∆
2mB
+ V (~x) + g n(~x)
)
φ(~x) = µφ(~x),
(2)
with n(~x) = N |φ(~x)|2 = Nφ(~x)2 being the condensate
density. (We have set the particle number in the conden-
sate equal to the total particle number, N , for simplic-
ity.) A good estimate for the condensate density can be
obtained in Thomas Fermi approximation, which gives
n(~x) =
µ− V (|~x|)
g
, for |~x| ≤ R. (3)
Here R denotes the Thomas Fermi radius defined by
V (R) = mBω
2R2/2 = µ.
Since interactions are assumed to be weak, one can
neglect higher than second order terms of the quantum
fluctuations δψˆ(x) in the Hamiltonian. Making use of
the Thomas Fermi approximation, the grand-canonical
Hamiltonian, H = H−µN , expressed in terms of the con-
densate wave function and quantum fluctuations reads
H = HMF +
∫
ddx δψˆ†(~x)
(
− ∆
2mB
+ gn(~x)
)
δψˆ(~x)
+
∫
ddx
g
2
n(~x)
(
δψˆ†(~x)δψˆ†(~x) + δψˆ(~x)δψˆ(~x)
)
. (4)
The quantum fluctuations and the condensate density
can be expanded into plane waves assuming periodic
boundary conditions with period L = 2R.
δψˆ(~x) =
1
Ld/2
∑
~k
dˆ~k e
i~k·~x, n(~x) =
∑
~q
n~q e
i~q·~x (5)
Disregarding the mean-field term we find for the hamil-
tonian two contributions H = H0 +H1. The first one
H0 =
∑
~k
[
k2
2mB
dˆ†~kdˆ~k + gn0
(
dˆ†~kdˆ~k +
1
2
(
dˆ†~kdˆ
†
−~k + dˆ−~kdˆ~k
))]
is identical to a homogeneous BEC with condensate den-
sity n0 and the second one
H1 = g
∑
~k 6=~k′
n~k−~k′
(
dˆ†~kdˆ~k′ +
1
2
(
dˆ†~kdˆ
†
−~k′ + dˆ−~kdˆ~k′
))
describes the influence of the harmonic confinement.
H0 can be diagonalized by a Bogoliubov transforma-
tion which relates the boson operators dˆ~k to plane-wave
phonon operators aˆ~k via dˆ~k = cosh θk aˆ~k − sinh θk aˆ†−~k,
where
cosh θk
sinh θk
=
1√
2
(
k2
2mB
+ g n0
ωk
± 1
)1/2
. (6)
This gives
H0 =
∑
~k
ω~kaˆ
†
~k
aˆ~k, (7)
with ω~k = ck(1 + k
2ξ2/2)1/2 being the Bogoliubov dis-
persion relation. Here we have used the speed of sound
c =
√
gn0/mB corresponding to the homogeneous part of
the condensate density n0. If the same Bogoliubov trans-
formation is applied to H1 one finds a scattering among
different momentum modes as well as creation and an-
nihilation of pairs of plane-wave phonons due to the in-
fluence of the trap potential. These couplings are only
important, however, for small momenta k on the order of
the inverse Thomas Fermi radius 1/R or smaller.
Let us now consider a single impurity of mass mI that
interacts with the BEC atoms with strength gIB. Since
H1 can be considered a perturbation for k ≥ kc = 1/R,
we will treat this interaction as in a homogeneous BEC
for phonon momenta larger than kc. The impurity-
condensate interaction can then be described in terms
of plane-wave Bogoliubov phonons for momenta larger
3than kc and a correction term for smaller momenta. The
corresponding Hamiltonian reads in d spatial dimensions
up to a constant mean-field term [25]
Hˆ = ~ˆp
2
2mI
+
∫
ddk
[
ωkaˆ
†
~k
aˆ~k +
gIBn
1/2
0
(2pi)d/2
Wke
i~k·~ˆr
(
aˆ†−~k + aˆ~k
)]
+
gIB
2(2pi)d
∫
kc
ddk ddk′ei(
~k′−~k)·~ˆr
[(
WkWk′ +W
−1
k W
−1
k′
)
aˆ†~kaˆ~k′
+
1
2
(
WkWk′ −W−1k W−1k′
) (
aˆ†~kaˆ
†
−~k′ + aˆ−~kaˆ~k′
)]
+ Hˆ2ph(k < kc). (8)
Here
Wk =
[
k2ξ2
2 + k2ξ2
]1/4
(9)
describes the momentum dependence of the coupling of
the impurity to Bogoliubov phonons with interaction
strength gIB. Since d
dkWk ∼ dk kd−1
√
k for k → 0, we
have extended the lower limit of the k-integral in the first
line, corresponding to single-phonon terms, from kc to 0.
The first line of eq.(8) is then equivalent to the Fro¨hlich
model studied in condensed matter physics in the context
of polaron physics [26]. A simple dimensional analysis
shows that the two-phonon terms in the second line scale
as 1/
√
n0ξd relative to the single-phonon terms, and this
scaling is sometimes used as an argument to apply the
Fro¨hlich model also to a weakly interacting BEC in 3D,
for which n0ξ
3  1, provided the impurity-BEC interac-
tion gIB is sufficiently small [25]. As will be shown in the
following, these arguments do not apply, however, in re-
duced spatial dimensions, in particular for temperatures
T 6= 0.
In the above picture a moving impurity can interact
with one or more phonons of the BEC as shown in Fig-
ure 2 and thereby resonantly exchange energy sponta-
neously or induced by thermal phonons. In Born-Markov
approximation one can derive a Boltzmann equation for
the momentum distribution of the impurity f(~p):
df(~p)
dt
= − (Γ1ph + Γ2ph) f(~p) (10)
+ ”in” terms
which contains different scattering contributions. The
first line of eq.(10) describes scattering events leading to
a reduction of probability density at momentum ~p and
the second line those that lead to an increase. The term
involving the emission of a single phonon reads
Γ1ph(~p) =
g2IBn0
(2pi)d−1
∫
ddkW 2k
(
nk(T )+1
)
δ
(
E~p,~k
)
(11)
where E~p,~k = ω~k−~p+~p−~k denotes the energy difference
between in- and outgoing modes, with ~p = p
2/2mI being
the kinetic energy of the impurity.
In addition there are different scattering processes in-
volving two phonons, corresponding to diagrams such as
that shown in Fig.2b. The rate for the creation of a pair
of phonons reads for example
Γ2ph(~p) =
g2IB
4pi
∫
kc
ddk
(2pi)d−1
∫
kc
ddk′
(2pi)d−1
δ
(
E~p,~k,~k′
)
× (12)
×
(
WkWk′ −W−1k W−1k′
2
)2 (
nk(T ) + 1
)(
nk′(T ) + 1
)
where E~p,~k,~k′ = ω~k + ω~k′ − ~p + ~p−~k−~k′ . The other scat-
tering terms involving two phonons have an analogous
structure. Note that the two-phonon rates are calculated
here by taking into account only phonons with momenta
k ≥ kc and eq. (12) is thus only a lower bound to the
actual rates.
We have shown in Ref.[17] that in 3D for a weakly
interacting BEC a clear separation of time scales exist
between processes resulting from single- and two-phonon
scattering. For the spontaneous processes one finds in a
homogeneous condensate
Γsp2ph
Γsp1ph
∣∣∣∣∣
3D
∼ 1
n0ξ3
, (13)
which in a weakly interacting BEC is much less than
unity. Consequently in 3D and at T = 0 single-
phonon scattering is much faster than two-phonon scat-
tering. Since the rate of thermal two-phonon scatter-
ing is quadratic in the phonon number, thermal pro-
cesses will however eventually take over if the temper-
ature is increased. The corresponding crossover point
T2ph can be estimated setting the ratio of one- and
two-phonon scattering rates at finite-T equal to unity:
ΓT2ph/Γ
T
1ph ∼ n¯/(n0ξ3)
∣∣
T2ph
= 1. Here n¯ is the thermal
phonon number at a characteristic momentum, for which
we use k = 1/ξ. This yields apart from factors of order
unity
T2ph
Tc
∣∣∣∣∣
3D
≈ (n0ξ3)1/3 , (14)
where we have used the condensation temperature Tc of
a homogeneous, non-interacting 3D Bose gas. For weak
interactions the right hand side of eq.(14) is larger than
unity and the crossover occurs only above the critical
temperature of condensation.
Thus in a weakly interacting BEC in 3D, single-phonon
scattering is much faster than two-phonon scattering for
all relevant temperatures. As will be discussed in the
following, this behavior changes dramatically in reduced
spatial dimensions.
III. SCATTERING OF LONG-WAVELENGTH
PHONONS
To discuss the relevance of different contributions
to the emission of Bolgoliubov phonons in reduced
4spatial dimensions we express the scattering rates
in the form Γ1ph =
∫
ddΩk
∫
dk I1ph(k) δ(E~p,~k), and
Γ2ph =
∫
ddΩk
∫
ddΩk′
∫
dk
∫
dk′ I2ph(k, k′) δ(E~p,~k,~k′),
where
∫
ddΩk denotes angular integration. We note that
while the factorsWk in the integral kernel I1ph(k) are well
behaved for k → 0, I2ph(k, k′) contains also terms W−1k
which diverge in this limit. This divergence is compen-
sated in 3D by the k2 term resulting from the density of
states, but makes the two-phonon terms relevant in lower
dimensions in particular at finite temperatures, since also
the number of thermal phonons diverges for k → 0.
The integral kernel I1ph(k) is only weakly dependent
on k and is bounded for any finite temperature. This is
illustrated in Fig.2b and c for the case of an incoming
impurity with momentum p = 1.5pc, pc = mIc being
the Landau critical momentum. This does not hold true,
however, for two-phonon scattering terms. The rate for
spontaneous two-phonon creation, eq. (12), for 3D and
2D is bounded, but diverges for kc → 0. Additionally,
the thermal two-phonon creation rate converges only in
3D, while in lower dimensions we find a clear divergence
in the limit kc → 0. This is illustrated in Figs.2b and c
for two-phonon creation.
This behavior can easily be understood from a simple
analysis of the low-momentum scaling of the integral ker-
nels. Since W 2k ∼ k and nk ∼ k−1 for k → 0 one finds
the infra-red scaling summarized in table I
1D 2D 3D
I1ph(k) T = 0 k k
2 k3
T 6= 0 1 k k2
I2ph(k, k
′) T = 0
(
kk′
)−1
1 kk′
T 6= 0
(
kk′
)−2 (
kk′
)−1
1
Table I. Infra-red scaling of integral kernels in scattering rates
of spontaneous and thermal single- and two-phonon processes
(i.e. for k, k′ → 0).
The infra-red divergences of I2ph in 1D and 2D is a di-
rect consequence of the Mermin-Wagner-Hohenberg the-
orem which prevents condensation in the thermodynamic
limit of an infinite homogeneous system. Any impurity
with momentum p > pc will induce phonon creation from
the condensate at a diverging rate in 1D even at T = 0
and for any non-vanishing temperature in 2D. In order
to prevent this ”evaporation catastrophe” spatial con-
finement by a harmonic trap is required, which leads to
a modification of the low-momentum density of states as
well as a low-momentum cut-off and in this way allows
for condensation, however only at low temperatures.
Figure 2. Integral kernels of single- and two-phonon thermal
scattering rates for an impurity with momentum p = 1.5pc
interacting with a BEC of density n0ξ
d = 5 in different spatial
dimensions for kBT/(c/ξ) = 1. Shown are the integral kernels
of the creation (a) of a single phonon at momentum k. The
rates for the creation of two phonons with momenta k1 and k2
are illustrated in Fig.(c) and Fig.(b) shows a cut for k1 = k2.
IV. CROSS-OVER TEMPERATURE TO
TWO-PHONON SCATTERING
Due to their different temperature scaling, two-phonon
rates will exceed the single-phonon ones above a cer-
tain temperature T2ph. In the following we will estimate
these cross-over temperatures for a trapped 1D and 2D
Bose gas. For this it is convenient to introduce dimen-
sionless momenta κ = kξ and energies  = E/(c/ξ) us-
ing the characteristic momentum and energy (frequency)
scales of a weakly interacting BEC, 1/ξ and c/ξ. At a
given temperature T thermal effects become relevant for
nk(T ) ≥ 1, i.e. for all dimensionless momenta κ lower
than
κth =
kBT
c/ξ
=
T
Tc
(
n0ξ
d
)1/d
. (15)
Here we have neglected numerical factors of order unity
and have used the condensation temperature in a trap,
eq.(1), as well as the relation between the trap frequency
5ω =
√
2c/R, the speed of sound c and the Thomas Fermi
radius R. For experimentally accessible temperatures
T/Tc is not very small and thus for n0ξ
d ≥ O(1), thermal
effects are relevant already for typical phonon momenta
on the order of 1/ξ and below.
To determine the crossover temperature we compare
the two-phonon scattering rates to the single-phonon
ones for a characteristic initial impurity momentum of
p > pc = mIc or in dimensionless units p˜ = pξ > mIcξ =
mI/
√
2mB ∼ O(1) just above the Landau critical mo-
mentum pc.
Let us first discuss the single-phonon emission rate,
eq.(11), in d = 1 and d = 2. For an impurity momen-
tum p˜ energy-momentum conservation fixes the allowed
phonon momenta to κ2− 2 cos θκp˜+ 2p˜cκ
√
1 + κ2/2 = 0
where θ is the angle between the phonon momentum and
the incoming impurity momentum. In one dimension
cos θ = ±1. For not too large p˜ > p˜c, there is a larger
range of scattering angles, where κ = O(1). Thus ther-
mal effects also influence the single phonon scattering for
experimentally relevant, not too small ratios T/Tc. In
fact, the single-phonon rate crosses over from a value of
Γ1ph ' g
2
IBn0
c(2piξ)d−1
for kBT  c/ξ. (16)
to
Γ1ph ' g
2
IBn0
c(2piξ)d−1
(
kBT
c/ξ
)
for kBT  c/ξ. (17)
In Fig.3a,c we have plotted the numerically obtained
single-phonon rate for p˜ = 1.5 as function of T/Tc. For
very low temperatures Γ1ph is independent on T but
quickly crosses over into a linear dependence already
much below Tc.
As discussed in the previous section the two-phonon
rates are dominated by infra-red contributions in 1D and
2D. Thus it is sufficient to replace the corresponding inte-
grand by a low-momentum approximation. Noting that
for k → 0, W−2k ≈
√
2/κ, and nk ∼ kBTc/ξ 1κ we find in 1D
Γ1D2ph =
g2IB
16c
(
kBT
c/ξ
)2∫
kc
dk
∫
kc
dk′
√
2
(kξ)2
√
2
(k′ξ)2
δ(Ep,k,k′). (18)
Here we have introduced an infra-red cutoff kc such that
the momentum integration extends only over |k| > kc.
Energy-momentum conservation Ep,k,k′ = 0 gives the
dominant contribution for k′ ∼ k. This yields apart from
numerical prefactors of order unity
Γ1D2ph ∼
g2IB
ξc
(
kBT
c/ξ
)2
1 + 6x2 + x4
(1− x2)2
(
R
ξ
)3
(19)
Where x = p/pc and we have identified the infra-red
momentum cut-off with the Thomas-Fermi radius R of
the trapped BEC. When the impurity momentum p ap-
proaches the critical momentum pc the two-phonon rate
diverges algebraically, while it quickly approaches a con-
stant value for increasing values of p > pc as shown in Fig
4a. We find a power-law divergence of Γ1D2ph with system
size according to (R/ξ)3. The size scaling as well as the
temperature dependence of Γ1D2ph are verified by numerical
calculations of the scattering rates, see Fig.3a,b.
In two spatial dimensions the dominant contributions
to the two-phonon scattering rate is given by
Γ2D2ph =
g2IB
16piξ2
(
kBT
c/ξ
)2∫
kc
dk
∫
kc
dk′
√
2
(kξ)
√
2
(k′ξ)
× 1
(2pi)2
∫
dθ
∫
dθ′ δ(Ep,k,k′). (20)
Here energy-momentum conservation reads Ep,k,k′ =
p,k,k′/mIξ
2 = 0, where p,k,k′ ≈ p˜c(κ+ κ′)− p˜(κ cos θ +
κ′ cos θ′). As will be shown in the Appendix, carrying
out the integrations eventually yields apart from numer-
ical prefactors of the order of unity, which depend very
weakly on system size
Γ2D2ph ∼
g2IB
(4pi)2ξ3c
(
kBT
c/ξ
)2 (
R
ξ
)
. (21)
While in 1D there is a strong dependence of the impurity
momentum close to the critical value, the scattering rate
in 2D is only very weakly dependent on p/pc. This is il-
lustrated in Fig.4, where we have shown the dependence
of the two-phonon rate in 1D and 2D on the initial impu-
rity momentum for different temperatures. We have also
verified the scaling of Γ2D2ph with system size and temper-
ature by numerical calculations, see Fig.3d.
We now define the crossover temperature T2ph as in the
3D case by setting ΓT2ph/Γ
T
1ph
∣∣∣
T=T2ph
= 1. To compare
the crossover temperatures in 1D and 2D to the critical
temperatures of (quasi) condensation, eq.(1), we make
use of the relation between the trap frequency ω, the
Thomas Fermi radius R and the speed of sound c: ω =
21/dc/R. Neglecting numerical prefactors of the order of
unity this yields finally
T2ph
Tc
∣∣∣∣∣
1D
' ln
(
R/ξ
)(R
ξ
)−3
, (22)
T2ph
Tc
∣∣∣∣∣
2D
' 2
(
n0ξ
2
)1/2(R
ξ
)−1
. (23)
Here we have used that ln(N) ≈ ln(R/ξ) since n0ξ ∼
O(1). Note that n0ξ2 = lz/(4
√
2pia3D) in 2D is inde-
pendent of the particle density due to scale invariance.
Here lz is the transverse confinement length and a3D the
3D scattering length. Thus the prefactor in eq.(23) is of
order unity. Since typically R  ξ, the crossover tem-
peratures to two-phonon scattering are much smaller in
reduced dimensions as compared to 3D due to the en-
hanced low-phonon scattering and can be substantially
below the temperature of condensation.
6100
105
1010 R/ξ = 20a)
Γ(T )
100
105
1010b)
Γ(R/ξ)
10−2 10−1 100 101
kBT/(c/ξ)
10−5
100
105
R/ξ = 2000
c)
100 101 102 103
R/ξ
10−5
100
105d)
4 1ph ◦ 2ph
Γ
1
p
h
/[
g
2 IB
n
0
/
(c
ξd
−
1
)]
Γ
2
p
h
/[
g
2 IB
/(
cξ
2
d
−
1
)]1D
2D
Figure 3. Single-phonon Γ1ph (4 triangles) and two-phonon Γ2ph (◦ circles) scattering rates as function of temperature in
1D (a) and 2D (c). The solid lines are fits to the numerically obtained data points and match the expected behavior. The
dashed line represents the analytical expectation of 1-phonon scattering for small temperatures, eq. 16 which is captured by
our numerics. (b, d) Shows scattering rates for three different temperatures (kBT/(c/ξ) = 10, 2, 0.25 from top to bottom) as
function of infra-red momentum cut-off identified with the system size R in 1D (b) and in 2D (d), all in log-log scale. From
our numerical simulations we obtain the theoretically expected scaling with system size (see. eqs. 19, 21).
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Figure 4. Dependence of two-phonon scattering rate in 1D
(top) and 2D (bottom) on impurity momentum p for different
values of T at R/ξ = 40. Dots are numerically data, and
solid lines are fits according to Eq. (19). In 1D the scattering
rate diverges algebraically if p approaches the Landau critical
value pc from above, while in 2D there is only a very weak
dependence.
V. SUMMARY AND CONCLUSIONS
When an impurity atom interacts with a superfluid
Bose Einstein condensate it can induce emission or ab-
sorption of single Bogoliubov phonons from or to the
condensate. Besides these single-phonon processes the
impurity can induce scattering of phonons between dif-
ferent modes as well as pair creation or absorption. The
relative strength of two-phonon processes compared to
single-phonon ones is determined by the BEC interac-
tion parameter 1/n0ξ
d, the density of phonon states and
their thermal occupation probability. Since in a weakly
interacting 3D condensate 1/n0ξ
3 is small, two-phonon
processes influence the dynamics of the impurity here
only on a much longer time scale than single-phonon scat-
tering, resulting in a separation of time scales and pre-
thermalization. We have shown that in contrast in lower
spatial dimensions and in particular at finite tempera-
tures two-phonon scattering processes play a key role in
the impurity-BEC interaction. As a consequence a sepa-
ration of timescales no longer exists.
In 1D and 2D phonon scattering is dominated by di-
verging scattering matrix elements involving phonons
with momentum k → 0, which is a manifestation of the
Mermin-Wagner-Hohenberg theorem that prevents con-
densation in a homogeneous system. Here BEC forma-
tion requires a harmonic confinement which leads to a
modified density of states at low phonon momenta and to
an infra-red cut-off roughly at the inverse of the Thomas-
Fermi radius R. The ratio of the characteristic phonon
momentum, given by the inverse healing length, to this
cut-off value, R/ξ, defines a second relevant parameter
besides the interaction parameter n0ξ
d. Since the ther-
mal occupation of phonon modes increases with decreas-
7ing momentum, the relevance of two-phonon scattering is
enhanced by temperature effects and there is a crossover
between single- and two-phonon dominated regimes at a
temperature T2ph. Using analytic estimates and numer-
ical simulations we have analyzed the system-size and
temperature scalings of two-phonon scattering and have
determined the cross-over temperatures T2ph. We have
shown that in one- and two-dimensional trapped Bose
gases T2ph scales inversely with the system size normal-
ized to the healing length (R/ξ) and can be much be-
low the critical temperature of condensation. Thus two-
phonon processes and finite-temperature effects are es-
sential for the impurity dynamics. We expect that ther-
mal effects also play an important role in the description
of Bose polarons in reduced spatial dimensions and thus
must be taken into account.
ACKNOWLEDGEMENTS
TL acknowledges financial support from the Carl-Zeiss
Stiftung. The work was supported by the Deutsche
Forschungsgemeinschaft within the SFB TR49.
APPENDIX
In order to derive an analytic estimate for the two-
phonon rate in 2D, we rewrite the Delta-function in
eq.(20) using 2piδ(x − y) = ∫ dλ exp{i(x − y)λ}. This
allows us to carry out the angular integrations yielding
Bessel functions
1
(2pi)2
∫
dθ
∫
dθ′ δ(Ep,k,k′) =
mIξ
2
(2pi)3
×
×
∫
dλ e−ip˜c(κ+κ
′)λ
∫
dθ eiλp˜κ cos θ
∫
dθ′ eiλp˜κ
′ cos θ′
=
mIξ
2
2pi
∫
dλ e−ip˜c(κ+κ
′)λJ0
(
|p˜λκ|
)
J0
(
|p˜λκ′|
)
(24)
Note that p˜ > p˜c = mI/(
√
2mB) ∼ O(1). Since the most
dominant contribution to the (κ, κ′)-integrals comes from
small values of κ and κ′, one finds that the integral in the
last line in eq.(24) can be estimated as C/(κ+ κ′), with
some numerical constant C of order unity. This then
yields for the two-phonon rate
Γ2D2ph =
g2IBp˜c
(4pi)2ξ3c
(
kBT
c/ξ
)2∫
κc
dκ
∫
κc
dκ′
C
κκ′(κ+ κ′)
. (25)
Carrying out the κ and κ′ integration finally leads to
eq.(20).
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